We consider noncompact group extensions of dynamical systems, restricting to connected Lie groups of the form ? = G n R n where G is compact and R n is a normal abelian subgroup of ?. In particular, the special Euclidean group SE(n) = SO(n) n R n is of this form.
We obtain results on the unboundedness of trajectories for smooth group extensions depending on the group ? and on the underlying dynamics on the base. Suppose for de niteness that ? = SE(n), and that n = 2 or n is odd.
Then we obtain the following results.
For discrete dynamics on the base with a dense set of periodic points we prove unboundedness of trajectories for generic group extensions. If in addition the base dynamics is an Anosov system then generically trajectories exhibit square root growth and converge in distribution to a nondegenerate standard n-dimensional normal distribution.
For su ciently smooth SE(2)-extensions of quasiperiodic ows, we prove that trajectories of the group extension are typically bounded in a probabilistic sense, but there is a dense set of base rotations for which extensions are typically unbounded in a topological sense. The results on unboundedness hold also for 6 Square root growth of deviations 16 1 Introduction
In this paper we consider the dynamical behavior of group extensions (?-extensions) of a base dynamical system consisting of a smooth mapping or ow on a compact manifold X. The extensions are de ned on the product space X ?. Such extensions arise naturally in dynamical systems that are equivariant with respect to a symmetry group ? and correspond to the case where the dynamics has a global cross-section transverse to the group orbits. We take the approach that we specify the dynamics on X and then investigate the generic behavior of the extension. The methods in this paper apply to noncompact connected Lie groups of the form ? = G n R n (semidirect product) where G is a compact connected subgroup of ? and R n is an abelian normal subgroup of ?. Of particular interest for applications is the special Euclidean group ? = SE(n) = SO(n) n R n consisting of rotations SO(n) and translations R n in n-dimensional space.
Given such a semidirect product structure ? = G n R n , any ?-extension is an R n -extension of a G-extension. ( That is, any ?-extension has a G-extension as a factor.) We will use this as a tool to extend compact group extension results to the noncompact case.
For ease of exposition in the introduction, we concentrate on the speci c cases ? = R n , n 1, and ? = SE(n), n 2. In the case ? = R n the ?-extension reduces to the well-studied case X R n . In the case ? = SE(n), we have a ?-extension on (X SO(n)) R n . On a cautionary note, it must be emphasized that the R n -extension of X SO(n) is not arbitrary, but is SO(n)-equivariant. That is, R n -extensions k : X SO(n) ! R n are required to satisfy k(x; g) = gk(x; e); for all g 2 SO(n); (1.1) where e denotes the identity element of SO(n) and gk( ) denotes matrix multiplication of the n n matrix g and the n-dimensional vector k( ). This restriction re ects the semidirect product structure of SE(n).
Our main concern in this paper is the unboundedness of trajectories on X ?, which reduces to unboundedness of their R n component since G is compact. The results depend crucially on the group ? and the dynamics on the base. We consider three types of base dynamics: periodic dynamics, quasiperiodic dynamics, and chaotic' dynamics.
Periodic base dynamics Suppose that X is a periodic solution for a ow or a map. This case was solved for general nite dimensional Lie groups in Ashwin and Melbourne 1] and Wul et al. 17 , Section 5(b)]. When ? = R n , it is typically the case that trajectories on X R n are unbounded. When ? = SE(n), the result depends on the parity of n: we again predict unboundedness of trajectories when n is odd, but we predict boundedness of trajectories when n is even.
It follows from 1, Lemma 2.5] that`typicality' here prevails in both the topological sense of genericity (for a residual set of ows or maps) and in a probabilistic sense (for a prevalent 9] set of ows or maps).
Finally, we note that if there is unboundedness, the trajectories deviate a bounded amount from linear growth; see Section 3. Quasiperiodic base dynamics Suppose that X = T m is a torus and that the dynamics on X is a linear ow _ = or translation 7 ! + , where 2 R m is such that all orbits are dense in X. If ? = R n (n 1) it is well-known (and easy to prove) that there is an open dense full measure set of extensions whose trajectories exhibit linear growth. The growth arises from the constant term (which is typically nonzero) in the Fourier expansion of the R n -extension. If is Diophantine (and the R n -extension is smooth enough) then the deviation from linear growth is bounded.
The situation for ? = SE(n) is less straightforward, since it is no longer typically the case that the constant term of the Fourier expansion of the R n -extension is nonzero (due to the constraint (1.1)). First, consider SE(2)-extensions of a quasiperiodic ow.
The result depends crucially on whether is Diophantine or non-Diophantine, see Section 7. In the Diophantine case (which occurs for with probability one) we prove that trajectories are bounded for almost all su ciently smooth extensions. In the non-Diophantine case, we prove that trajectories are generically unbounded in the C r topology for all r 1.
Our results on unboundedness in the non-Diophantine case hold more generally for SE(n)-extensions of ows and maps, provided n = 2 or n is odd (the reasons for the restrictions n = 2 or n odd are discussed below). However, our results in the Diophantine case are presently restricted to SE(2)-extensions of ows.
\Chaotic" base dynamics Suppose now that the dynamics on X is chaotic in the sense that periodic points are dense in X (we exclude the case that X is itself a periodic orbit). Regarding X purely as a di erentiable dynamical system (no ergodicity assumed) we prove that generic extensions have trajectories that are unbounded when ? = R n (for all n) and when ? = SE(n) (for n = 2 or n odd). Now suppose that is an ergodic measure on X and that periodic points are dense in the support of . When ? = R n we show that typical trajectories exhibit linear growth on average, and moreover the deviation from linear growth is unbounded.
If we replace ? = R n by ? = SE(n), it is necessary to assume that ergodicity on X lifts to the compact group extension on X SO(n). The validity of this assumption is the subject of extensive current research (see the references in Section 4) and it is known, for example, that a generic set of extensions are ergodic when is supported on an Axiom A attractor. Under the assumption that ergodicity lifts to X SO(n), we prove for all n 2 that trajectories exhibit sublinear growth. (Of course, when n = 1, SE(1) = R and we expect linear growth.) Combined with our results on unboundedness, we have unbounded sublinear growth for n = 2 and n odd, see Section 5. Anosov base dynamics In the case that the dynamics on X is Axiom A, there are results that imply that sums of real observables typically obey central limit theorems. This can be rephrased as saying that for an R -extension, typically the deviation of trajectories from linear growth exhibits square root growth, and there is convergence to a nondegenerate normal distribution. Similarly, for the R n -extension, there is convergence to a general n-dimensional normal distribution.
The results for SE(n)-extensions are considerably more di cult. We require recent results of Field and Parry 7], Dolgopyat 6] , and Liverani 12] , which together imply that if X is Anosov then real observables on X SO(n) satisfy central limit theorems. These results are used in Section 6 to show that trajectories in X SE(n) converge to a (possible degenerate) n-dimensional normal distribution. Moreover, it follows from the SO(n)-equivariance that this is a standard n-dimensional normal distribution.
By means of an equivariant version of the Liv sic Theorem 13], we show that when trajectories are unbounded, the normal distribution is nondegenerate. Hence, we are able to prove for n = 2 or n odd that typically there is convergence to a nondegenerate standard n-dimensional normal distribution.
In proving this result, we strengthen and generalize results of Biktashev and Holden 2] relating chaotic base dynamics to random walks in the translation variables for SE(2) equivariant problems. In particular we address the question of the degeneracy or nondegeneracy of the normal distribution.
Many of the results that we have discussed for SE(n)-extensions are restricted to the cases n = 2 or n odd. The reason for this is that our arguments rely on the existence of a C r small perturbation of the SE(n)-extension of a periodic point in X so that the dynamics over the periodic orbit is unbounded. This is easy when n is odd, since extensions of periodic orbits are typically unbounded 1]. When n = 2, we exploit the fact that SO(2) is abelian to show that a small perturbation su ces if the period of the periodic orbit is high enough. We conjecture that the same result holds for all n but do not have a proof.
The remainder of this paper is organized as follows. In Section 2, we describe the general structure of the groups ? that we consider in this paper and the implications that this has for the structure of the ?-extensions. In Section 3, we raise questions about the unboundedness of trajectories of ?-extensions, distinguishing between linear and sublinear growth of unbounded trajectories. Also, Section 3 contains results on extensions of periodic base dynamics. Results on whether the growth is linear or sublinear are summarized in Section 4.
Our main results can be found in Sections 5, 6 and 7. In these sections, we consider extensions when the base is respectively chaotic, uniformly hyperbolic or quasiperiodic.
Maps and ows
In this section we discuss the setting for our results. We assume a semidirect product structure of the group ? and discuss the structure of ?-extensions of base dynamics on X for dynamics generated by maps and ows.
(a) The group ? = G n R n Throughout this paper, we consider Lie groups ? that are a semidirect product of a connected compact subgroup G and an abelian normal subgroup R n . We write ? = G n R n and note that 
where 2 C r (X; ?) (r 0). Note that the skewing function acts on the right, and hence the extension T is ?-equivariant with respect to the left action of ? where (x; ) = (x; ) for 2 ?. Indeed, every ?-equivariant mapping T : X ? ! X ? has the form T(x; ) = (f(x); (x)) where f : X ! X and : X ! ?.
Given the structure ? = G n R n , we can write T(x; g; v) = (f(x); gh(x); v + g k(x));
where h 2 C r (X; G) and k 2 C r (X; R n ). If we write S as the G-extension
then T can be viewed as an R n -extension of the G-extension S.
On iterating a ?-extension of a map, the extension determines cocycles h j (x) and k j (x) characterized by the following Proposition. 
Similarly, if f is invertible we can de ne h j and k j for j 2 Z.
Proof This is an elementary induction argument.
(c) ?-extensions of ows on X Suppose that X is a smooth compact manifold and that f : X ! TX is a C k vector eld, k 1. Let L? denote the Lie algebra of ?. We consider ?-extensions of the form
where 2 C r (X; L?).
Just as in the case of maps, we exploit the structure ? = G n R n by writing equation (2.1) in the form
where h 2 C r (X; LG) and k 2 C r (X; R n ). Again the ow of equation (2.2) can be viewed as an R n -extension of a G-extension of the ow on X. Remark 2.2 We consider right actions of ? in our de nition of ?-extensions of maps and ows. These extensions are equivariant under the left action of 2 ? on X ?
by (x; ) = (x; ). In many applications, X is thought of as the orbit space of a group action of ? on, say, a manifold Y and the point (x; )`represents' the point x in the ambient space Y . However it is traditional in the ergodic theory literature (but see 7] ) to consider group extensions de ned by a left action (which would be for maps, T(x; ) = (f(x); (x) ) ). As discussed below, these two viewpoints are equivalent for the questions we consider in this paper.
Suppose that G is a compact group with Haar measure G and suppose that is an ergodic measure on X. Let More generally, if de nes an extension on the right by T(x; ) = (f(x); (x)) then ?1 de nes an extension on the left T 0 (x; ) = (f(x); ?1 (x) ) that is topologically conjugate to T under the automorphism (x; ) 7 ! (x; ?1 ). Therefore unboundedness and other such properties are independent of which action we choose. Analogous statements hold for group extensions of ows.
3 Boundedness of trajectories: Linear and sublinear drift
In this section, we raise the question of unboundedness for trajectories on X ?. By choosing an ergodic measure on the compact group extension X G, we distinguish between linear growth and sublinear growth. We focus on growth of trajectories for mappings, but the discussion is equally applicable to ows with minor modi cations.
Consider the ?-extension T(x; g; v) = (f(x); gh(x); v + g k(x)). The trajectory with initial condition (x 0 ; g 0 ; v 0 ) is unbounded if the closure of the trajectory is not compact. This is equivalent to unboundedness of the R n component of the trajectory, since X and G are assumed to be compact. Note that the trajectory with initial condition (x 0 ; g 0 ; v 0 ) is a translate of the trajectory with initial condition (x 0 ; g 0 ; 0) so that unboundedness is independent of v 0 . We take v 0 = 0 from here on. Let In the case of periodic base dynamics, there are simple answers to questions (Q1) and (Q2) as shown below in Proposition 3.1. The answer to (Q1) follows from Ashwin and Melbourne 1]. The answer to (Q2) is that the deviation (N) from the linear growth is periodic and therefore bounded. We note that there is no need to refer to an ergodic measure on X G when the dynamics on X is periodic.
To state our result, we need some notation. Let T denote a maximal torus in G and let Fix(T) = fv 2 R n : g x = x for all g 2 Tg; denote the xed-point subspace for that action of T G on R n . Since all maximal tori are conjugate in G, the dimension of Fix(T) is independent of the choice of T. Proposition 3.1 Suppose that P X is a periodic solution (or equilibrium). Let T be a maximal torus in G. For groups of the form ? = G n R n , and periodic solutions with trivial isotropy, Fix(T) = f0g implies compact drift and Fix(T) 6 = f0g implies generically unbounded drift (using the terminology of 1]). When ? = SE(n), we obtain compact drift generically for n even and unbounded drift generically for n odd.
Some results on linear drift
The solutions to the questions (Q1) and (Q2) raised in Section 3 depend on the dynamics on X and the group ? = G n R n (speci cally, the action of G on R n ). For certain groups G, the solution to Question 1 is elementary and independent of the dynamics. Let Fix(G) R n denote the xed-point subspace for the action of G on R n , Fix(G) = fv 2 R n : g x = x for all g 2 Gg: Proposition 4. Proof As in the proof of Proposition 4.1, we compute that (ii) may be weakened to the assumption that there is a hyperbolic basic set. In particular, this greater generality applies to SE(n), n 3, but not to SE(2).
Unboundedness with chaotic base dynamics
In this section we give answers to the question (Q2) asked in section 3. At present, our results are restricted to groups of the form ? = G n R n where either G is abelian or Fix(T) 6 = 0 for T is a maximal torus in G. In particular, this class of groups includes the Euclidean groups ? = SE(n) when n is odd and when n = 2.
In Subsection (a), we obtain some results of a topological nature on unboundedness of trajectories associated with a single !-limit set in the base. We prove unboundedness under certain assumptions on the group ? and on the number of periodic solutions in the !-limit set.
The results in Subsection (a) do not apply directly to question (Q2) since the unboundedness could arise from v and/or from (N). The consequences of the results in Subsection (a) for (Q2) are explored in Subsection (b). As a special case, we obtain the result that if G is abelian or if Fix(T) 6 = 0, and if the base dynamics is \chaotic" then generically the deviation (N) from linear growth is unbounded.
(a) Topological dynamics
In this subsection, we consider the dynamics on X restricted to a single !-limit set A. We state and prove the results only for maps. The results for ows are identical, with the convention that equilibria are counted as periodic solutions.
De nition 5.1 Suppose that A X is an !-limit set for the dynamics on X and consider a ?-extension X ? de ned by some : X ! ?. We say that a trajectory in A ? is unbounded if the closure of the trajectory is not compact. The dynamics on A ? is unbounded if there exists an unbounded trajectory in A ?.
Suppose that the dynamics on A ? is unbounded in the sense of De nition 5.1. Then by continuity, for any x 0 2 X with !(x 0 ) = A and for any g 0 2 G, the component v x 0 ;g 0 (N) of the trajectory with initial condition (x 0 ; g 0 ; 0) 2 X ? is unbounded. Proposition 5.2 Suppose that ? = GnR n with G a compact connected Lie group, T a maximal torus in G and Fix(T) 6 = 0. Let A X be an !-limit set for the dynamics on X and suppose that A contains at least one periodic solution. Then generically, in the C r topology for any r 0, the dynamics on A ? is unbounded.
Proof Let P A ? be a relative periodic solution. Since Fix(T) 6 = 0, it follows from Proposition 3.1 (using the measure supported on P) that for generic extensions, trajectories on P are unbounded. Let x be an initial condition in X with !(x) = A.
Then the initial condition (x; ) 2 X ? limits on P for all 2 G and hence is unbounded.
Remark 5.3 The hypothesis that Fix(T) 6 = 0 is satis ed trivially for the groups R n , and also for the Euclidean groups SE(n) when n is odd. Proposition 5.4 Let G be a compact connected abelian Lie group (a torus) and let U G be a neighborhood of the identity. Then there exists an integer N such that for all g 1 ; : : : ; g N 2 G there exists 2 U such that g 1 g N = e.
Proof Choose N so that fg N : g 2 Ug = G. Then any element g 1 g N 2 G has an N th root 2 U.
Conjecture 5.5 We conjecture that Proposition 5.4 is valid even if G is not abelian.
If this is true, all results in this section stated for compact connected abelian groups G generalize immediately to compact connected groups (and in particular to ? = SE(n) for all n). Theorem 5.6 Suppose that ? = G n R n where G is a compact connected abelian Lie group. Let A X be an !-limit set for the dynamics on X and suppose that A contains periodic solutions of arbitrarily high (minimal) period. Then generically, in the C r topology for any r 0, the dynamics on A ? is unbounded.
Proof The space C r (X; ?) is a complete metric space. Let Z j = f 2 C r (X; ?) : jv x 0 ;e (N)j > j for some x 0 2 X; and some N 1g. Each Z j is open. We now show that each Z j is dense. Then \Z j is the desired residual subset in C r (X; ?). (In fact, our proof shows directly that \Z j is dense, without using the Baire Category Theorem.) Let U V G R n be a neighborhood of the identity (e; 0). We construct a cocycle using e = ( e h; e k) : X ! U V such that e h is constant, and such that e k, together with all of its derivatives, maps X into V . Such a perturbation is arbitrarily small in the C r topology.
Choose a periodic point p 2 A of minimal period at least N where N satis es the conclusion of Proposition 5.4. Let (p; h N ; k N ) = T N (p; e; 0) and recall by Proposition 2.1 we have
We claim that there is a small cocycle perturbation ( e h; e k), of the form described above, after which we have h N = e, k N 6 = 0. In particular, T N`( p; e; 0) = (p; e;`k N ) and jv p;e (N)j = j`k N j ! 1 as`! 1 proving the theorem.
It remains to verify the claim. It follows from Proposition 5.4 that there exists 2 U such that h(p) h(f N?1 p) = e 2 G. Perturbing by the constant cocycle e h(x) , e k(x) 0, we obtain that h N = e. If k N 6 = 0 we are nished. If k N = 0, rede ne e k(x) so that e k(p) 6 = 0, e k(fp) = = e k(f N?1 p) = 0. It is then the case that k N 6 = 0 as required. Note that e k(p) can be chosen arbitrarily small, and hence we can arrange that e k, together with all of its derivatives, maps X into V .
Remark 5.7 Hyperbolic basic sets, by de nition, possess the property that periodic points are dense. It follows that Theorem 5.6 is valid for nontrivial hyperbolic basic sets (by nontrivial, we mean the basic set is not itself a periodic orbit). Similarly, Theorem 5.6 is valid for dynamics that are chaotic in the sense of Devaney 5] . Most of the results in this section require additional hypotheses on the base dynamics f or on the group G. (H) Either the Axiom A di eomorphism f is Anosov on an infranilmanifold, or the compact Lie group G is semisimple. In Subsection (a), we begin by stating a recent result of Liverani 12 ] that establishes conditions for a one-dimensional central limit theorem on X G. We then prove an n-dimensional G-equivariant version of this result.
The condition for nondegeneracy in the central limit theorems of Subsection (a) takes the form of a cohomological equation. Liv sic type theorems state conditions under which measurable solutions to cohomological equations have H older continuous versions. In Subsection (b), we prove a G-equivariant type of Liv sic theorem.
In Subsection (c), we state our main result, namely that provided hypotheses (H) is satis ed and (N) is unbounded, generically In Subsection (d), we specialize our results to the cases ? = R n and ? = SE(n). In particular, in the case ? = SE(n), for n = 2 or n odd, we obtain convergence to a standard normal distribution. (In contrast, in the case ? = R n , generically the covariance matrix has nonzero o diagonal entries.) (a) An n-dimensional equivariant central limit theorem Let X be a compact Riemannian manifold and suppose that the base dynamics f : X ! X is an Axiom A di eomorphism when restricted to a hyperbolic basic set equipped with a Gibbs measure . Let G be a compact Lie group and de ne the product measure m = G on X G. We consider G-extensions S : X G ! X G given by S(x; g) = (f(x); gh(x)) with h 2 C r (X; G).
In this subsection, we assume that S : X G ! X G is rapidly mixing. That is, for any k 1, and for all C 1 functions ; : X G ! R , there is a constant C > 0 such that where is an n n matrix, called the covariance matrix. It is easily veri ed that jk = E(X j X k ), so that is symmetric and h x; xi 0 for all x 2 R n . The distribution is said to be nondegenerate if is nonsingular, (equivalently, h x; xi > 0 for all nonzero x 2 R n ).
The following standard argument enables us to pass from 1-dimensional normal distributions to n-dimensional normal distributions. Lemma 6.3 Let X(N) = (X 1 (N); ; X n (N)) be a sequence of random vectors with values in R n . Suppose that for any = ( 1 ; : : : ; n ) 2 R n , the sequence P n j=1 j X j (N) converges in distribution to a (possibly degenerate) normal distribution with mean zero. Then X(N) converges in distribution to a (possibly degenerate) n-dimensional normal distribution with mean zero and covariance matrix = fE(X j X k )g 1 j;k n .
Moreover, if the sequence P n j=1 j X j (N) converges to a nondegenerate normal distribution for all 6 = 0, then X(N) converges in distribution to a nondegenerate n-dimensional normal distribution.
Proof Let X be a normally distributed random vector with mean zero and covariance matrix . The characteristic function X : R n ! R corresponding to X is given by X (t 1 ; : : : ; t n ) = expf? 1 2 h t; tig = expf? By de nition, X(N) (t 1 ; : : : ; t n ) = E(expfi P n j=1 t j X j (N)g) = P n j=1 t j X j (N ) (1); where P n j=1 t j X j (N ) is the characteristic function of the random variable P n j=1 t j X j (N). By assumption, this random variable converges to a normal distribution, so the characteristic function converges to exp(? ) where X j is the limit in distribution of X j (N).
Putting this together, we have shown that X(N) (t 1 ; : : : ; t n ) ! expf? Finally, we say that an n-dimensional normal distribution is G-equivariant if the covariance matrix is G-equivariant.
Theorem 6.4 Suppose that f : X ! X is Axiom A and suppose that S : X G ! X G is rapidly mixing. Let : X G ! R n be a C 1 G-equivariant function with mean zero. Then De ne j (x; g) = (x; g j g). By de nition, 1 = 1 S ? 1 and it follows from equivariance of S and V that j = j S ? j for all j. There is a measurable function : X G ! V such that j = j . We have shown that satis es V = S ? as required.
Finally, suppose that the normal distribution is nondegenerate. It remains to show that is a general G-equivariant symmetric positive de nite matrix. An argument using characterization functions (similar to the proof of Lemma 6.3) shows that if A is an n n matrix then the sequence 1 p N P N?1 j=0 A S j converges in distribution to the normal distribution with mean zero and covariance matrix A A T . In particular, in the absence of symmetry, the result follows from the fact that all positive de nite symmetric matrices are congruent. When symmetry is present, we require some elementary representation theory (over R Remark 6.5 It follows from the last statement of the theorem that we expect convergence to a standard normal distribution (where the covariance matrix is a real multiple of the identity) if and only if the action of G on R n is irreducible.
(b) An equivariant Liv sic Theorem
In this subsection, we continue to suppose that f : X ! X is Axiom A when restricted to a hyperbolic basic set X equipped with a Gibbs measure . Again, we suppose that G is a compact Lie group and de ne m = G . We consider G-extensions S : X G ! X G given by S(x; g) = (f(x); gh(x)) where h : X ! G is smooth.
Let V be a nite dimensional vector space, and let denote a representation of G ! R such that 0 = almost everywhere. Proof First, we prove equivariance of . Suppose that : X G ! V is a measurable solution to equation (6.2) . Fix a 2 G and de ne e (x; g) = a (x; a ?1 g).
Then it follows from G-equivariance of and S that e is also a measurable solution to equation (6.2) . By ergodicity of S, we have that e = almost everywhere and hence that (x; ag) = a (x; g). Since a 2 G is arbitrary, we deduce that is G-equivariant.
The remainder of the proof combines the original argument of Liv sic 13] with recent results on partially hyperbolic sets 15].
Step 1 In 15, Theorem 4.1], local stable manifolds W s (x; g) X G are constructed for each (x; g) 2 G as H older continuous graphs over the local stable manifolds W s (x) X. Moreover, the H older exponents and constants are uniform in x and g. The same is true of the local unstable manifolds W u (x; g). ( We note that the partial hyperbolicity assumption in 15] is automatically satis ed since G is compact.)
Step 2 Step 3 It follows from the original argument of Liv sic that is H older continuous on W s (x; g) and W u (x; g) for almost every (x; g) 2 G. In fact, it follows from equivariance of that H older continuity holds on W s (x; g) and W u (x; g) for almost every x 2 and for every g 2 G. As usual, the H older exponent > 0 and constant K > 0 are uniform in (x; g).
Step 4 Let > 0 be as in Step 2, and suppose that d ? (x 1 ; g 1 ); (x 2 ; g 2 ) < . By
Step 2, we may choose (x; g) 2 ; for almost all (x 1 ; g 1 ); (x 2 ; g 2 ) that are -close. In this way, we obtain uniform H older continuity in an -neighborhood of (x 2 ; g 2 ) for almost all (x 2 ; g 2 ) and hence H older continuity on the whole of G.
(c) Nondegenerate central limit theorems
Now consider a ?-extension T : X ? ! X ? where ? = G n R n . We view T as an R n -extension of the G-extension S : X G ! X G. Let To apply Theorem 6.7, we need hypotheses that guarantee that S is rapidly mixing and that (N) is unbounded. The second issue was addressed in Section 5. It turns out that S is generically rapidly mixing provided we assume hypothesis (H) stated at the beginning of this section. Theorem 6.14 Suppose that f : X ! X is Axiom A when restricted to a hyperbolic basic set X, and that ? = SE(n) = SO(n) n R n . Suppose further either that n is odd, or that n = 2 and f is Anosov. Remark 6.15 In the case n odd, the conclusions of Theorem 6.14 hold for an open and dense subset of group extensions in the C r topology.
Extensions of quasiperiodic ows and maps
In this section we consider smooth noncompact group extensions of quasiperiodic ows and maps. As usual, we restrict attention to groups of the form ? = G n R n where G is a compact Lie group.
The base dynamics takes the form of an irrational torus ow _ = on T m or an irrational torus map f( ) = R = + . The results depend heavily on whether is Diophantine or non-Diophantine. For example, suppose that ? = SE(2) in the context of ows. Then for almost all (Diophantine) the dynamics on T m SE(2) is bounded for almost every su ciently smooth extension. In contrast, there is a generic set of (non-Diophantine) for which the dynamics on T m SE(2) is generically unbounded in the C r topology for any r 1.
Subsection (a) contains some basic estimates involving Fourier coe cients and Diophantine approximations. In Subsection (b), we consider the case when is Diophantine. In Subsection (c), we consider the case when is non-Diophantine.
(a) Preliminaries
The results in this section rely heavily on certain estimates on the magnitude of Fourier coe cients and on certain Diophantine inequalities. We claim that S is smooth (justifying the formal calculations above) and moreover that v(t) is bounded as required. It follows as in the proof of Proposition 7.1(b) that the trigonometric series (7.5) for v(t) is uniformly convergent and hence that v(t) is bounded.
Remark 7.5 The set of and b 0 for which the theorem is valid can be made larger by increasing to be any positive constant, at the cost that we require more regularity for the extension (h; k). 16 ] point out that the quasiperiodic base dynamics leads to typically sublinear growth, whereas we predict typically bounded growth.
The methods in this subsection extend directly to groups ? = G n R n for which G is compact and abelian. As in the case of extensions of periodic ows, the results depend on whether Fix(G) = f0g (for example, ? = SE(2)) or Fix(G) 6 = f0g (for example ? = R n ). In case (i), the proof proceeds in identical manner to the proof of Theorem 7. (c) Non-Diophantine quasiperiodic base
We have seen that typically (with probability one) trajectories are bounded for smooth SE(2) extensions of Diophantine quasiperiodic ows. In contrast, we show that generically trajectories are unbounded (cf. De nition 5.1) for smooth extensions of nonDiophantine quasiperiodic ows (and maps). It is convenient to prove the result rst for maps. The result for ows follows immediately. The idea behind the proof is (i) that non-Diophantine quasiperiodic dynamics can be approximated by periodic dynamics of high period, and (ii) for certain compact Lie groups G, we can perturb G-extensions of periodic dynamics of high enough period q so that the dynamics for the G-extension is periodic of period q (cf. Section 5(a)). Proof Since x 0 is q-periodic and G is abelian, it follows, as in the proof of Theorem 5.6, that there is a small constant perturbation e h of h such that e h q (x 0 ) = e. It is clear that the perturbation can be chosen so that j e h?hj r = j e h?hj 0 < diam G=q < . More precisely, choose > 3(r+1). If is such that the inequality (7.4) has in nitely many solutions then the dynamics is unbounded for a residual set of extensions in the C r topology.
Proof Let = (h; k) : T m ! ?. We have the ?-extension T (x; g; v) = (R x; gh(x); v+ g k(x)). Also, for any p 2 Z m , q 1, we have the ?-extension T p=q (x; g; v) = (R p=q x; gh(x); v + g k(x)). Taking iterates, we have T j (x; e; 0) = (R j x; h j; (x); k j; (x));
and similarly for T j p=q . Here, h j; and k j; are de ned in the usual way (cf. Proposition 2.1) but we require the additional subscript to indicate the base transformation.
We claim that there exists a constant C, independent of , p, q and j, such that jk j; ? k j;p=q j Cj 3 j ? p=qj:
We show how the result follows from the claim. Let > 0 and M > 0, and choose x 0 2 T m . We show that there is a perturbation of that is -small in the C r topology such that the perturbed extension = (h; k) satis es jk j; (x 0 )j > M for some j 1 By (7.7), we have q > diam G= and so can apply Lemma 7.10. Taking`= q r in (7.6), we can make a perturbation of size less than in the C r topology so that jk q r+1 ;p=q (x 0 )j q 
